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In this paper we show how the Smale-Hirsch theory of immersions can be adapted to get a 
simple proof of an integrability theorem of Gromov and Eliashberg concerning higher-order 
nondegenerate immersions. 
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1. Introduction 
Let X and Y be smooth Riemannian manifolds of dimension n and m respectively. 
Recall from [12] or [2] that the rth-order tangent bundle T,X is the bundle of 
linear differential operators of order or acting on germs of functions on X. The 
fibre (T,X), can be identified with the dual of the vector space of r-jets of functions 
x + Iw with source x and target 0, and therefore the fibre dimension of T,X is 
4n,+(;)+(n;~)+. . .+(n+;-1). 
We have then short exact sequences of bundles 
O-+ T,_,X+ T,X+O’TX+O 
for ra2, where 0’ denotes the r-fold symmetric power, and Pohl [12] has shown 
that a symmetric linear connection on X induces natural splittings of the exact 
sequences. 
Fix a Riemannian structure on Y. Then, by iteration of the splittings T, Y + T,_, Y, 
s = r, . . . , 2, there is a bundle map D,: T,.Y+ TY. Let f: X+ Y be a smooth map, 
and drf: T,X + T,Y be its rth-order differential. Then f is said to be rth-order 
nondegenerate (with respect to the given splittings) if the bundle map D, 0 drf: T,.X + 
TY, which is called the rth-order osculating map, has maximal rank. Thus if 
m 2 v( n, r) and f is rth-order nondegenerate, then it is sth-order nondegenerate for 
ss r, and hence f is an immersion. Let Imm,(X, Y) be the space of rth-order 
0166-8641/87/$3.50 @ 1987, Elsevier Science Publishers B.V. (North-Holland) 
130 A. Mukherjee / Nondegenerate immersions of manifolds 
nondegenerate immersions of X in Y with the C” topology of compact convergence. 
On the other hand, let Mono( TrX, TY) be the space of bundle maps T,X + TY 
which are fibrewise injective, with the compact-open topology. 
The purpose of this paper is to generalize the techniques of Smale and Hirsch 
[13, 51 to prove the following theorem. 
Theorem. Zf v( n, r) < m, then the rth-order osculating map D, 0 d,: Imm,(X, Y) + 
Mono( TrX, TY) is a weak homotopy equivalence. 
If X is compact, then D, 0 d, is actually a homotopy equivalence, since its domain 
and range are metrizable, see [8, Theorem 151. 
If r = 1, the result reduces to the classical theorem of immersions. This theorem 
was proved by Smale [ 131 when X = S”, Y = R”‘, and was extended to arbitrary 
manifolds by Hirsch [5]. In [14], Thorn gave a more geometric and conceptual 
insight into the idea of Smale, and this was developed subsequently by Hirsch and 
Palais (unpublished). An account of these works may be found in Poenaru [ll]. 
Our approach in this paper is along the same lines as in the exposition of Poenaru. 
If X is an open manifold (i.e. if no connected component of X is closed), then 
the theorem is true for m 2 v(n, r). This was proved by Gromov [3] by using a 
generalized Smale-Hirsch type technique. For the general case, the theorem was 
proved by Gromov and Eliashberg [4] by using a different method, which is the 
method of removable singularities. A simplification of this proof may be found in 
Burlet [l]. A partial retrieval of the theorem of Gromov and Eliashberg was done 
by du Plessis [lo] by using a Smale-Hirsch type technique. He proved the theorem 
in the range of dimensions V( n + 1, r) <m,or v(n+l,2)-cr(n+l)sm where u(n) 
is the maximum number of symmetric orthogonal n x n matrices all of whose nonzero 
linear combinations are nonsingular. 
2. Proof of the theorem 
The outline of the proof is the same as that given in PoCnaru [ll] or Phillips [9]. 
It may be seen from this outline that it is sufficient to prove the following local 
fibration property (Proposition 2.1), the other auxiliary results being true anyway 
(see Gromov [3]). 
Let D[a,bl = {x E Rk 1 a s llxlj s b}; we also write Di for D,k,,,,, and Dk for 0:. Let 
A = 0,” x Dnmk and B = D[,,*] x Dnek so that A is obtained from B by attaching a 
handle of index k_ 
Proposition 2.1. The restriction map i” : Imm,(A, Y) + Imm,( B, Y) has the local couer- 
ing homotopy property for cubes. 
Let I be the closed unit interval [0, 11, and P be a cube which is the topological 
product of a finite number of copies of I. Then our problem is to show that every 
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fe Imm,( B, Y) has a neighbourhood U such that, for every continuous map H : P + 
Imm,(A, Y) and for every homotopy h : P x I + U of i* . H, there exists a homotopy 
2 : P x I + Imm,(A, Y) of H with i* 0 I$ = h. We shall call the pair (H, h) a covering 
pair for U, and fi a lifting of h. 
The proof of Proposition 2.1 will follow after the following six lemmas. In these 
lemmas we shall build up materials for the construction of the lifting fi of h. 
Let B = Sk-’ x Dnek which is the boundary of B in A, and B, = B u B x [0, r], 
0 < T s 1, which is a smooth collar neighbourhood ‘of B in A. 
Take any f s Imm,(B, Y) and extend it to an f~ Imm,(B,, Y) (we think of B, 
as a small collar neighbourhood of B). Since v(n, r) < m, we have the notion of the 
rth-order normal bundle N,(f) off so that f’* TY = T,B,O Nr(f’) (see [2]). There- 
fore there is a suitable disk bundle N’ over B, associated to N,(f’) so thatf’ extends 
to an immersion cp’: N’+ Y by the exponential map of the Riemannian connection 
on Y, and we have d,cp’l T,B, = d,f’. Again, by the same argument, there exist a 
small disk bundle N over N’ associated to the first-order normal bundle N,(cp’) of 
cp’ and an immersion cp : N + Y such that cp 1 N’ = cp’. Note that dim N = rn. 
We may suppose that N’ is a trivial bundle over B,. The reason behind this is 
as follows. As stated above, we will be eventually working on a neighbourhood U 
off’ in Imm,( B, Y), and therefore we may assume that U is a locally contractible 
neighbourhood so that any g E U is homotopic to f through immersions. This means 
any two immersions in U have isomorphic rth-order normal bundles. Moreover, 
by a hypothesis of our lifting problem, U contains immersions which extend to 
immersions in Imm,(A, Y), and therefore any such immersion in U has trivial rth- 
order normal bundle (A being contractible). Hence f’ must have trivial rth order 
normal bundle, since B is a deformation retract of B,. Thus N’ is a trivial disk 
bundle of fibre dimension m - v(n, r) over B, . By a similar argument, N is a trivial 
disk bundle of fibre dimension V( n, r) - n over N’. Therefore N as a whole is a 
trivial disk bundle of fibre dimension m - n over B, . 
Let C”( B, , N) denote the space of smooth maps of B, in N with the C” topology 
of compact convergence, and Emb(B,, N) be the subspace of embeddings in 
C”( B,, N). By an automorphism of N we shall mean a diffeomorphism N + N 
with compact support contained in Int N (i.e. a diffeomorphism which is identity 
on the complement of a compact set contained in Int N. Let Aut N be the space 
of automorphisms of N, with the relative topology of C”( N, N). If M is a submani- 
fold of the same dimension as N in Int N, we shall denote by AutM (N) the subspace 
of Aut N consisting of automorphisms which are identity on a neighbourhood of 
N-Int M. 
Lemma 2.2. Given any r, 0 < r s 1, there exist 
(1) a submanifold M of N with dim M = dim N, M c Int N, 
(2) a neighbourhood V of id (the identity map) in Aut, (N), and 
(3) a continuous map cy : [0, l] -+ Emb( B,, N) such that 
(i) a(O) = i, the inclusion map, 
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(ii) a(t) = i on u neighbourhood of B u (B x {T}), t E [0, 1 
(iii) a(l) maps a neighbourhood of Bx{3~/4} into aM, 
(iv) cp 0 A 0 a(t) E Immr(B7, Y) for every A E V and t E [0, 
I, 
11. 
Proof. Fix a Riemannian metric for the bundle TN and let exp, q u E (TN),, denote 
the corresponding exponential map. Since B, is a compact submanifold of N, we 
can choose a 6 > 0 such that, for x E B, and 0 E ( TN)X with 11 zlll s 6, exp, v E N. 
Since N is a trivial disk bundle over the parallelizable manifold B,, N is itself 
parallelizable, and hence we may write TN 1 B, = B, x R”’ (recall that m = dim N). 
Therefore there is a smooth section s of TN 1 B, given by s(x) = (x, r(x)), where 
r : B, + R” is a smooth map such that 11 r(x) II = 1 for every x E B,. 
For each smooth map p : R + R which vanishes on a neighbourhood of 0, we have 
a smooth map p: B,+R defined as follows: p(x) =0 if XE B, and p(x) =p(z) if 
x = (y, z) E B x 10, ~1. We shall fix p in a moment later on. 
NOW let CF(R, R) be the subspace of the space of smooth maps R+R which 
vanish on some neighbourhood of 0. Then the map p : CF(W, R) x Aut N + 
C”(B, Y) given by p(p, A)(x) = cp 0 h 0 expX(p(x). r(x)) is well defined and con- 
tinuous, provided (1 p I/ s 6. M oreover p(O, id) = cp 1 B, =f’( B, E Imm,( B,, Y). There- 
fore there is a 6,) 0 < 6, < 6, and a neighbourhood V’ of id in Aut N such that if 
IIpII d 6, and A E V’, then p(p, A) E Imm,(B,, Y). 
Take M to be the disk bundle of radius $3, associated t6 the bundle N 1 B,, and 
let V = Aut, (N) n V’. Choose the smooth map p so that 
(a) O<Ip(z)j<6, for every zE[W, 
(b) p(z) = 0 if z lies in a small neighbourhood of 0, or in a small neighbourhood 
of 7, 
(c) p(z) =;S, if z lies in a small neighbourhood of $. 
Then the desired map (Y is defined by cy( t)(x) = exp,( t * p(x)r(x)). It is easy to 
check that (Y satisfies the given conditions. 0 
Notation. If G : Q + R is a map, then we shall often denote G(q) by G,, q E Q. 
Let V be the neighbourhood of id in AutM( N) as given by the above lemma, 
and V, be a neighbourhood of id in V such that if A,, , . . , A, E V,, then 
A, f’ 0 . ‘*oh;‘~V 
Lemma 2.3. There exist a neighbourhood W of the inclusion map i in Emb(B, N), 
and a continuous map u : W + V, such that 
(i) v(i) = id, 
(ii) up 0 i = p for every I_L E W. 
The proof of the lemma may be found in Palais [7] if aB = 0, and in Lima [6] 
for the general case. 
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Lemma 2.4. There exist a neighbourhood U off in Imm,(B, Y), and a continuous 
map w : U + V, such that 
(i) uf = id, 
(ii) p 0 wg IB=gforeverygE U. 
Proof. As in the proof of Lemma 2.2, pick an &o > 0 so that, for x E B and v E ( TN), 
with llv\l <Ed, exp, v (E N) is defined. Let ( TN 1 B)( eO) be the disk bundle of radius 
&o associated to TN ( B. Consider the map +: ( TN 1 B)( eo) + B x Y given by $(x, v) = 
(x, cp 0 exp, v). This maps the zero section of TN 1 B homeomorphically onto the 
graph off in B x Y. Moreover, d$I,,,, is an isomorphism, since d(exp,)l, and dJIlx 
are so. It follows then, by a standard topological argument (see, for example James 
Munkres, Elementary differential topology, Princeton University Press, 1966 Edition, 
Lemma 5.7, p. 54), that $ carries a neighbourhood 0 of the zero section of TN 1 B 
diffeomorphically onto a neighbourhood of the graph off in B x Y. 
Let Z = {g E C”( B, Y); graph g c IL(n)}. We have then a map w’: Z + C”( B, N) 
defined by w;(x) = exp,v, where v is the unique vector in (TN),, IIvl) s eo, such 
that (cr(x, v) = (x, g(x)). Clearly w’ is continuous, and we have w;= i, and cp 0 ok = g 
for every g E Z. Since Imm,( B, Y) and Emb( B, N) are open subsets of C”( B, Y) 
and C”( B, N) respectively, w’ actually maps a neighbourhood off in Imm,( B, Y) 
into Emb( B, N). Now a simple application of Lemma 2.3 gives the neighbourhood 
U, and the map w as required. 0 
Let (H, h) be covering pair for U. We shall denote w( h(u, t)), where (u, t) E P x I, 
by “wt. 
Lemma 2.5. There exist a 7, 0 < r s 1, and a continuous map 5 : P + Emb( B,, N) such 
that, for each u E P, 
(i) .$IB=i, 
(ii) cp o mu,00 &, = H, I B,. 
Moreover, r may be chosen suitably small so that 5 maps P into the neighbourhood 
W 
Note that here W is the neighbourhood of i as given by Lemma 2.3. 
Proof. Fix an u E l? Then, as in Lemma 2.4, working with the pair (N, B,) and the 
immersion cp 0 w,,~: N -+ Y, we obtain a diffeomorphism Cc, of a neighbourhood of 
the zero section of TN I B, onto a neighbourhood of the graph of q 0 w,,~I B, in 
B, x Y. Since the graph of H, I B coincides with that of cp 0 w,,~[ B, there is a 7, 
O<~~l,suchthatgraph H,IB 7c Im $. As before, this permits us to define a map 
&, : B,+ N by t,,(x) = exp, v, where $(x, v) =(x, H,,(x)). Now by a standard com- 
pactness argument, we can choose a T so that it works for all u E P, and also we 
can shrink B, so that &, embeds B, in N. Clearly (i) and (ii) hold for this 7 and 5. 
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To see the last assertion, let t(u) be the supremum of t G T such that &, 1 B, E W. 
Then the function u + t(u) is clearly positive and lower semicontinuous, and hence 
has a positive minimum on the compact set P. This means that we can make T 
suitably small so that Im 5~ W. I7 
Lemma 2.6. There exist a 7, 0 < r < 1, and a continuous map 77 : P + V, such that, for 
each u E P, 
(9 vu I B = i, 
(4 cp 0 w,.~ 0 77ul~~=ff”I&. 
Proof. The existence of 77 is insured by an application of Lemma 2.3 to Lemma 
2.5. 0 
Let y : P x I + V be the map defined by yU,, = nil 0 w,i 0 w,,,, where (u, t) E P x I. 
Choose a submanifold S of M with dim S = dim M, B c Int S, S c Int M such that, 
for each (u, t)E Pxl, (a) yU,,(B7)= S, and (b) y,,(Bx[~/2, r])c&!S. 
Lemma 2.7. For a suficiently small e > 0, there exists a continuous map 5 : P x [0, E] + 
Auts( N) n V, such that, for each (u, t) x P x [0, E], 
6) f;,,, = id, 
(ii) L,r/B=~u,tIB, 
(iii) l,., 1 B x [r/2, r] = id. 
Proof. Since yU,O 1B = i, there is an E > 0 such that, for each (u, t) E P x [0, E], yU,t 1 B E 
F’(Auts(N) n V,,), where u is the map of Lemma 2.3. Then &,* = a( yU,t IB) satisfies 
the conditions of the lemma. 0 
We are now in a position to define a lifting fi of h. The definition is given in the 
following two steps: 
(a) If t E [0, E], then 
=H, onA-B,. 
(b) If t E [E, 11, then 
&=+LJ u,to~~.~o~,,~orluof;.Eo~(l) on&l4 
= fiU,, (as defined in step (a)) on A - B31,4. 
It is straightforward to see that fi satisfies all the requirements. This completes 
the proof of Proposition 2.1. 
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